We compute the Lie superalgebras of holomorphic vector fields on isotropic flag supermanifolds of maximal type corresponding to the Lie superalgebra osp 2m−1|2n (C).
Introduction
In [Man] Yu.I. Manin defined four series of complex homogeneous supermanifolds that correspond to four series of linear Lie superalgebras: gl m|n (C), osp m|2n (C), πsp n (C) and q n (C). The Lie superalgebras of holomorphic vector fields on these supermanifolds were studied in [BO, Bun, O1, O2, OS1, OS2, OS3, Ser] in the case of super-Grassmannians and in [V1, V2, V4, V6] in the case of other flag supermanifolds. We summarize the obtained results in the following table:
Super-Grassmannians Other flag supermanifolds gl m|n (C) + + (generic) osp 2m|2n (C) + (maximal type) + (maximal type) osp 2m+1|2n (C) + (maximal type) -πsp n|n (C) + (maximal type) + (maximal type) q n|n (C) + +
The maun objective of this paper is to study the case of flag supermanifolds of maximal type corresponding to the Lie superalgebra osp 2m+1|2n (C). The Lie superalgebra osp m|2n (C) is the linear Lie superalgebra that annihilates a nondegenerate even symmetric bilinear form in C m|2n . (See [Kac] for details about Lie superalgebras.) Let us take two r-tuples k = (k 0 , . . . , k r ) and l = (l 0 , . . . , l r ) of non-negative integers such that 0 ≤ k r ≤ . . . ≤ k 0 = m, 0 ≤ l r . . . ≤ l 0 = n, 0 < k r + l r < . . . < k 0 + l 0 = m + n.
We denote by F k|l the flag supermanifold of type k|l corresponding to the Lie superalgebra gl m|n (C). This is a super-analog of usual flag manifold F k of type k = (k 0 , . . . , k r ) in C m . Further we denote by IF k|l the isotropic flag supermanifold in C m|2n corresponding to the Lie superalgebra osp m|2n (C). We set k ′ = (k 1 , . . . , k r ) and l ′ = (l 1 , . . . , l r ). It was proven in [V1] that under some restriction on the flag type we have v(F k ′ |l ′ ) ≃ pgl k 1 |l 1 (C). Here we put pgl m|n (C) := gl m|n (C)/z(gl m|n (C)), where z(gl m|n (C)) is the center of gl m|n (C). The main result of our paper is the following. Theorem 1. Let r > 1, k 1 ≥ 1 and l 1 ≥ 1, the conditions (7) hold, v(F k ′ |l ′ ) ≃ pgl k 1 |l 1 (C) and k ′ = (k 1 − 1, . . . , k 1 − 1, 0, . . . , 0). Then v(F k|l (osp 2k 1 −1|2l 1 (C))) ≃ osp 2k 1 −1|2l 1 (C).
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Lie superalgebra osp 2m+1|2n (C)
More information about Lie supergroups and Lie superalgebras can be found for instance [Kac, V5] . The Lie superalgebra osp 2m+1|2n (C) is the Lie sub-superalgebra in gl 2m+1|2n (C) that annihilates a non-degenerate even symmetric bilinear form β in C 2m+1|2n . If the matrix Γ of β in the standard basis of 
then the Lie superalgebra osp 2m+1|2n (C) is defined by the equation M ST Γ + ΓM = 0, where B 11 are square complex matrices of size m and n, respectively, G 1 and G 2 are complex matrices of size m × 1. The center z(osp 2m+1|2n (C)) of osp 2m+1|2n (C) is trivial. The corresponding Lie supergroup we will denote by OSp 2m+1|2n (C). This is a sub-supermanifold in GL 2m+1|2n (C) that is given by the following equation:
Isotropic flag supermanifolds
More information about the theory of (complex) supermanifolds can be found in [BL, CCF, L, Man] . We will denote a complex-analytic supermanifold by M = (M 0 , O M ), where M 0 is the underlying complex-analytic manifold and O M is the structure sheaf of M. The Lie superalgebra of global sections of the sheaf Der (O M ) is called the Lie superalgebra of holomorphic vector fields on M. We will denote this Lie superalgebra by v(M). The Lie superalgebra v(M) is finite dimensional if M 0 is compact. A proof of this statement can be found for instance in [V1] .
gl m|n (C)-flag supermanifolds. Let us recall briefly a construction of an atlas on the supermanifold F k|l , where k = (k 0 , . . . , k r ) and l = (l 0 , . . . , l r ) such that (1) holds. More details can be found in [V1, V6] . Recall that the underlying space of the supermanifold F k|l is the product F k × F l of two classical flag manifolds of types k and l, respectively. Consider two subsets I s0 ⊂ {1, . . . , k s−1 } and I s1 ⊂ {1, . . . , l s−1 } such that |I s0 | = k s , and |I s1 | = l s , where s = 1, . . . , r. We set I s := (I s0 , I s1 ) and I := (I 1 , . . . , I r ). To any set I s we assign the following
The matrices X s = (x s ij ) and Y s = (y s ij ) in (4) are of the size (k s−1 × k s ) and (l s−1 × l s ), respectively. Moreover, we assume that the matrix Z Is contains the identity submatrix E ks+ls of size (k s + l s ) × (k s + l s ) in the lines with numbers i ∈ I s0 and k s−1 + i, i ∈ I s1 . The matrices (Z Is ), where s = 1, . . . , r, define the superdomain U I with even coordinates In the case r = 1 the supermanifold F k|l is called the super-Grassmannian. Sometimes the notation Gr m|n,k|l is used for F k|l with r = 1 in the literature.
The supermanifold F k|l is homogeneous, since it possesses a transitive action of the Lie supergroup GL m|n (C), see [V1, V3] for details and definitions. Let us recall the definition of this action in our atlas. Let
be a coordinate matrix of the Lie supergroup GL m|n (C). Then the action of GL m|n (C) on F k|l in our coordinates is given by:
s . Here C 1 is the invertible submatrix in LZ I 1 that consists of the lines with numbers i ∈ J 10 and k 0 +i, where i ∈ J 11 , and C s , where s ≥ 2, is the invertible submatrix in C s−1 Z Is that consists of the lines with numbers i ∈ J s0 and k s−1 +i, where i ∈ J1 s . This Lie supergroup action induces the Lie superalgebra homomorphism
osp m|2n (C)-flag supermanifolds. The supermanifold IF k|l , where l 0 is even, is a subsupermanifold of F k|l that is given in local coordinates (4) by the following equation:
where Γ is defined by (2) and ST is the super-transposition as above. There are transitive actions µ of the Lie supergroup OSp m|2n (C) on IF k|l . It is given by Formulas (5), if we replace L by a coordinate matrix of the Lie supergroup OSp m|2n (C). This action induces the Lie superalgebras homomorphism
In the case (1) m = 2k 1 + 1 and l 0 = 2l 1 or (2) m = 2k 1 and l 0 = 2l 1 , we say that the supermanifold IF k|l has maximal type. In this paper we study the case m = 2k 1 + 1 and l 0 = 2l 1 . The case (2) can be found in [V6] .
Vector fields on a superbundle
Recall that a morphism of supermanifolds is a morphism of the corresponding ringed spaces that preserves the Z 2 -grading of the structure sheaves. Let π = (π 0 , π * ) : M → N be a morphism of supermanifolds. As in the classical situation, a vector field v ∈ v(M) is called projectible with respect to π, if there exists a vector field
In the case when π = (π 0 , π * ) : M → N is the projection of a superbundle, the vector field v 1 is unique if it exists. A vector field v ∈ v(M) is called vertical, if it is projectible and its projection v 1 is equal to 0. If S is a supermanifold, then the global sections O S (S 0 ) of the structure sheaf O S are called holomorphic functions on S. It was shown in [B] that if π : M → B is the projection of a superbundle with fiber S = (S 0 , O S ) and O S (S 0 ) = C, then any global holomorphic vector field on M is projectible. In other words there exists a homomorphism of Lie superalgebras
For computation of the Lie superalgebra of holomorphic vector fields on an isotropic flag supermanifold we will use the following fact. For r > 1 the isotropic flag supermanifold IF k|l is a superbundle with the base space that is isomorphic to the isotropic super-Grassmannian IF k 0 ,k 1 |l 0 ,l 1 and with the fiber that is isomorphic to F k ′ |l ′ . In our local coordinates the bundle projection that is denoted by π is given by (Z 1 , Z 2 , . . . Z n ) −→ (Z 1 ). Moreover, from Formulas (5) we can deduce that the projection π is equivariant with respect to the action of the Lie supergroup OSp m|2n (C) on IF k|l . Further, the following holds.
for any
, where (mn) is the Grassmann algebra with mn generators.
Assume that the fiber F k ′ |l ′ satisfies the conditions of Theorem 2. Then all holomorphic vector fields on IF k|l are projectible and we have the following Lie algebra homomorphism
As it was noticed above, the action (5) of the Lie supergroup OSp m|2n (C) induces the following Lie superalgebras homomorphism:
of the isotropic super-Grassmannian IF m,k 1 |n,l 1 of maximal type was calculated in [OS2] .
Theorem 3. [Onishchik-Serov] Let r = 1. Assume that m = 2k 1 and n = 2l 1 , i.e the superGrassmannian IF m,k 1 |n,l 1 is of maximal type. If k 1 ≥ 1 and l 1 ≥ 1, then the homomorphism
is an isomorphism.
, this is to a connected component of the super-Grassmannian IF m,k 1 |n,l 1 . A proof of this result can be found below. Therefore the Lie superalgebra of vector fields on the isotropic super-Grassmannian IF m−1,k 1 −1|n,l 1 is also isomorphic to osp m|n (C).
The Borel-Weil-Bott Theorem
To compute the Lie superalgebra of vector fields on isotropic flag supermanifolds we will use the Borel-Weil-Bott Theorem. Details can be found for example in [A] . Consider the isotropic super-Grassmanian of maximal type IF 2s+1,s|2n,n . The underlying manifold of IF 2s+1,s|2n,n is a homogeneous space G/P , where G ≃ SO 2s+1 (C) × Sp 2n (C) is the underlying space of the Lie supergroup OSp o 2s+1|2n (C), where OSp o 2s+1|2n (C) is the connected component of OSp 2s+1|2n (C) that contains identity element, and P is the parabolic subgroup in G that contains all matrices in the following form:
Here A 1 ∈ GL s (C) and A 2 ∈ GL n (C). The reductive part R of P has the form R ≃ GL s (C) × GL n (C). Further, denote by osp 2s+1|2n (C)0 = so 2s+1 (C) ⊕ sp 2n (C) the even part of the Lie superalgebra osp 2s+1|2n (C). In the Lie algebra osp 2s+1|2n (C)0 we fix the following data: a Cartan subalgebra t = t 1 ⊕ t 2 , a system of positive roots ∆
and a system of simple roots Φ = Φ 1 ∪ Φ 2 . More precisely, we have for s ≥ 1 and n ≥ 1
Note that in the case s = 1 we have an isomorphism so 3 (C) ≃ sl 2 (C). Similarly in the case n = 1, we have sp 2 (C) ≃ sl 2 (C). However in both cases we also can use the root system ∆ + . Denote by t * (R) the real subspace in t * spanned by µ j and λ i equipped with the scalar product ( , ) such that the vectors µ j , λ i form an orthonormal basis. An element γ ∈ t * (R) is called dominant if (γ, α) ≥ 0 for all positive roots α ∈ ∆ + . Let ψ be a representation of the group P in a finite dimensional complex vector space E. To such a representation we can assign a homogeneous holomorphic vector bundle E ψ → G/P with the fiber E = (E ψ ) P at the point P . We denote by E ψ the shaef of holomorphic sections of E ψ .
Theorem 4. [Borel-Weil-Bott] . Assume that the representation ψ : P → GL(E) is completely reducible and ρ 1 , ..., ρ s are highest weights of ψ|R. Then the G-module H 0 (G/P, E ψ ) is isomorphic to the sum of irreducible G-modules with highest weights ρ i 1 , ..., ρ it , where ρ ia are dominant highest weights.
We will use Theorem 4 for the following holomorphic vector bundle. Consider a superbundle π : M → B with fiber S. Denote by W the following sheaf on B 0 : to any open set U ⊂ B 0 we assign the Lie superalgebra of all vertical vector fields on the supermanifold (π
. If the base space S 0 of the fiber S is compact, then v(S) is finite dimensional and W is a locally free sheaf of O B -modules with dim W = dim v(S), see [V1] for details. In [V1] a description of the corresponding to W graded sheaf W was obtained. It is defined in the following way:
Here W (p) = J p W and J is the sheaf of ideals in O B generated by odd elements. Clearly, W is a Z-graded sheaf of F B 0 -modules, where F B 0 is the structure sheaf of the underlying manifold B 0 . If the base space S 0 is compact, then W 0 is a locally free sheaf of F B 0 -modules and any fiber of the corresponding vector bundle is isomorphic to v(S), see [V1] for details.
6 Vector fields on IF k|l , case m = 2k 1 − 1
In this section we will compute the Lie superalgebra of holomorphic vector fields on IF k|l of type
where r > 1. We also put m = 2k 1 − 1 and n = 2l 1 . In other words, we assume that m is odd and that IF k|l is an isotropic flag supermanifold of maximal type. As we have seen above the isotropic flag supermanifold M := IF k|l is a superbundle. We denote by B = IF 2k 1 −1,k 1 −1|2l 1 ,l 1 and by S = F k ′ |l ′ its base space and its fiber, respectively. Here
Note that S is a usual flag supermanifold.
In the previous sections we considered the homomorphism µ : osp m|n (C) → v(M). Denote µ B : osp m|n (C) → v(B) the corresponding homomorphism for the super-Grassmannian. Since the projection of the superbundle M is equivariant, these homomorphisms satisfy the relation µ B = P •µ, where P is defined by (8). From Theorem 3 it follows that µ B is not surjective. In the next sections we will show that Ker P = {0} and Im P = osp m|n (C) and we will conclude that µ : osp m|n (C) → v(M) is an isomorphism.
Computation of Ker P
On the base space B of the superbundle IF k|l in the case m = 2k 1 − 1 we can choose the following chart:
where
are matrices with even coordinates of sizes (
ij ) are matrices with odd coordinates. As above E p is the identity matrix of size p. Moreover the following relations hold:
We can choose elements from X 1 , Ξ 1 , H 1 and elements from Z 1 and Y 1 strictly under the diagonal and under the diagonal, respectively, as independent coordinates. We choose some set of indexes I t and the coordinate matrices Z It , where t > 1, to complete the chart Z I 1 to a chart on IF k|l . The obtained chart we denote by U I . We need the following lemma. Proof. The vector field h i , where i = 1, . . . , l 1 , corresponds to the Lie sub-supergroup
where τ is an odd parameter and E ij is the matrix with 1 in the position (ij) and 0 otherwise. Indeed, γ(τ ) transforms the coordinate matrices in the following way  Here F i = (0, . . . , 1, . . . , 0) has 1 on the i-th place. The result follows. The case of the vector fields
Recall that we have the following exact sequence of sheaves.
Hence we have an exact sequence of 0-cohomology groups
We will need the following lemma.
Lemma 2. Assume that Ker P = {0}. Then we have
Proof. Let us take v ∈ Ker P \ {0}. Recall that W is a locally free sheaf of O B -modules and dim W = dim v(S) < ∞. Let us take a basis (v j ) in v(S). Then in our chart U I we can write the vertical vector field v in the form v = f j v j , where f j ∈ O B . Clearly, Ker P is an ideal in v(M). Note that we may assume that f j , are independent on coordinates η 
where f j q(j)+k is a homogeneous polynomial of degree q(j) + k in ξ 1 i . We put q = min j {q(j)}.
If q = 0, everything is proven. Assume that q > 0 and that
This completes the proof.
Denote by W 0 the locally free sheaf of F B 0 -modules on B 0 = G/P , see Section 5. Let us compute the representation ψ of P in the fiber W of W 0 over the point o := P . Let us compute first the action of P on the fiber S o = S. The point o is given in the chart U I by the equations
Hence, in coordinates Z I 2 we have
Other coordinate matrices Z Ip , p > 2, are transformed accordingly. Therefore, the action of P on S o coincides with the composition of the standard action of
Then the operator ψ(S), where S ∈ P , see (9), acts in the fiber W in the following way
We have proven the following lemma.
Lemma 3. Assume that v(S) ≃ pgl k 1 −1|l 1 (C). Then the representation ψ of P in the fiber W over o = P is completely reducible and has the following form:
Here ρ 1 and ρ 2 are standard representations of GL k 1 −1 (C) and GL l 1 (C), respectively; Ad ρ 1 and Ad ρ 2 are adjoint representations of GL k 1 −1 (C) and GL l 1 (C) in sl k 1 −1 (C) and sl l 1 (C), respectively, and 1 is the trivial 1-dimensional representation.
Everything is ready to prove the following theorem.
Theorem 5. Assume that r > 1, m = 2k 1 − 1 and n = 2l
Proof. Let us calculate the vector space W 0 (B 0 ) using Theorem 4. The representation ψ of P is computed in Lemma 3. From (12) it follows that the highest weights of this representation have the following form:
• the representation space is equal to {0} if k 1 = 1, l 1 = 1.
Note that a flag supermanifold IF k|l is defined if l 1 > 0, since otherwise IF k|l is a usual flag manifold.
The dominant weights of the representation ψ are:
• we do not have dominant weights if k 1 = 1, l 1 ≥ 1.
Hence,
Here C is the trivial one dimensional osp 2k 1 −1|2l 1 (C)0-module. We denote by H the stationary Lie sub-supergroup of the point o, and by p we denote its Lie superalgebra. Above we calculated the represenration ψ of P = H 0 in the fiber W . Now we need to compute the represenration ϕ of the Lie superalgebra p in W . Any odd one-parameter subsupergroup with odd parameter τ of H acts in the coordinates Z I 1 at the point o by the following formula:
Hence for Z I 2 we have:
We see that the representation ϕ in the fiber W coinsides with its restristion on Lie subsuperalgebra
is equivalent to the adjoint representation of gl k 1 −1|l 1 (C) in pgl k 1 −1|l 1 (C). Now we use an argument similar that was used in [V1] . Let π : W → W 0 = W/W (1) be the natural map and π o : W → W be the composition of π and of the evaluation map at the point o. The following diagram is commutative
where X ∈ gl k 1 −1|l 1 (C) ⊂ p. Note that the vector space W (B 0 ) is an ideal in v(M) and in particular it is invariant with respect to the action of H. Consider the image π o (W(B 0 )) ⊂ W . According the calculation above π o (W(B 0 )) is trivial or isomorphic to C. From the commutativity of our diagram it follows that π o (W(B 0 )) ⊂ pgl k 1 −1|l 1 (C) is invariant with respect to the adjoint representation of pgl k 1 −1|l 1 (C). In other words,
Analyzing ideals in pgl k 1 −1|l 1 (C), we see that π o (W(B 0 )) never coincides with non-trivial ideals. Hence, π o (W(B 0 )) = {0}. In other words, we proved that all sections of π(W(B 0 )) are equal to 0 at the point o. Since the locally free sheaf W 0 is homogeneous, we get that sections from π(W(B 0 )) are equal to 0 at any point. Therefore, we have π(W(B 0 )) = {0} and W(B 0 ) (0) ≃ W(B 0 ) (1) . From Lemma 2, it follows that Ker P = {0}.
A construction of an isomorphism IF
The existence of an isomorphism
is a connected component of IF 2k 1 ,k 1 |2l 1 ,l 1 , was noticed in [OS2] without proof. The goal of this section is to prove this statement.
Recall that the Lie superalgebra osp 2k 1 |2l 1 (C) is defined by the equation M ST Γ + ΓM = 0, where the matrix Γ in the standard basis of C 2k 1 |2l 1 is given by
Therefore explicitly, we have
Here A 11 , B 11 are square complex matrices of size k 1 and l 1 , respectively. As above B := IF 2k 1 −1,k 1 −1|2l 1 ,l 1 is an isotropic super-Grassmannians of maximal type and the point o ∈ B red is given in the chart corresponding to (11) by the following equations
Consider an isotropic super-Grassmannian of maximal type B 1 := IF 2k 1 ,k 1 |l 0 ,l 1 and the following coordinate matrix of
where Z 
Now we need to construct an embedding of the Lie supergroup OSp 2k 1 −1|2l 1 (C) into the Lie supergroup OSp 2k 1 |2l 1 (C), that will induce the isomorphism of the supermanifolds B and B
1 . Let us transform the matrix Γ, see. (2), to the following form:
Indeed, we can use the transformation Γ ′ = S T ΓS, where
Let us take A ∈ osp t|2l 1 (C), where t = 2k 1 − 1 or 2k 1 . Then we have
Clearly the matrices Γ ′ and S −1 commute. Therefore,
Then the Lie superalgebra osp t|2l 1 (C) contains all super-matrices A such that A ST Γ ′ + Γ ′ A = 0. Therefore the Lie superalgebras osp 2k 1 −1|2l 1 (C) and osp 2k 1 |2l 1 (C) in another basis has the following form, respectively:
and
The Lie superalgebras p and p 1 in the different basis have the following form, respectively:
We define the map j : OSp 2k 1 −1|2l 1 (C) → OSp 2k 1 |2l 1 (C) by the following formula:
where X is a coordinate matrix of OSp 2k 1 −1|2l 1 (C). Clearly, dj(p) ⊂ p 1 and j(H) ⊂ H 1 . Therefore we have the mapj : G/H → G 1 /H 1 , where G = OSp 2k 1 −1|2l 1 (C) and G 1 = OSp 2k 1 |2l 1 (C). It is well-known that the corresponding map
o 0 of underlying spaces is an isomorphism. Here we denote by (
1 is an isomorphism. Therefore j is an isomorphism too. The following theorem is proved.
Theorem 6. Let k 1 ≥ 1 and l 1 ≥ 0. Then there exists an isomorphism
Here vertical arrows are natural actions of Lie superalgebras on supermanifolds, dj is an inclusion, dj is an isomorphism. are isomorphisms. Let us identify v(IF 2k 1 −1,k 1 −1|2l 1 ,l 1 ) with osp 2k 1 |2l 1 (C) using these isomorphisms. Then, Im P ⊂ osp 2k 1 |2l 1 (C) and Im(P • µ) = d j(osp 2k 1 −1|2l 1 (C)) ⊂ osp 2k 1 |2l 1 (C).
Theorem 7. Assume that r > 1, k 1 ≥ 1, l 1 ≥ 1 and k ′ = (k 1 − 1, . . . , k 1 − 1, 0, . . . , 0). Then Im P = osp 2k 1 −1|2l 1 (C).
Proof.
Step 1. Let us prove that (Im P)0 = osp 2k 1 −1|2l 1 (C)0. We put µ 1 : osp 2k 1 |2l 1 (C) → v (B 1 ). The action µ 1 induces the action µ .
Here θ 1 is the natural map. Assume that k 1 ≥ 1, l 1 ≥ 1. Then µ 1 is an isomorphism by Theorem 3. It is a classical result, see for example [A] , that µ 1 0 is also an isomorphism. Therefore θ 1 is an isomorphism too. Denote by M 1 the isotropic flag supermanifold of maximal type IF k 1 |l , where k 1 = (2k 1 , k 1 , k 2 , . . . , k r ). We define by θ and θ the following natural homomorphisms, respectively: θ : v(B)0 → v(B 0 ) and θ : v(M)0 → v(M 0 ).
Since v(B)0 ≃ osp 2k 1 |2l 1 (C)0, see Theorem 3, and v(B 0 ) ≃ osp 2k 1 |2l 1 (C)0, see [A] , as above we conclude that θ is an isomorphism. Consider the commutative diagram as (18) for θ: .
Here P 0 is the projection induced by the projection of the bundle M 0 → B 0 . Summing up, we have P = θ −1 • P 0 • θ. The homomorphism P 0 is clearly injective. Hence, (Im P)0 = osp 2k 1 −1|2l 1 (C)0.
Step 2. Let us find (Im P)1. Consider the following commutator of two odd matrices from osp 
